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Abstract 

Gerald Hohn defined the concept of conformal designs, which is 
an analogue of the concept of combinatorial designs and spherical 
designs. In this paper, we study the conformal designs associated to 
the free boson vertex operator algebras and the lattice vertex operator 
algebras. 
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In |19j . Hohn denned the concept of conformal designs, which is an analogue 
of the concept of combinatorial designs and spherical designs. First, we recall 
or give some facts needed later. See jl], [2] and [15] for the definitions and 



the elementary facts of vertex operator algebras and its modules. 



A vertex operator algebra (VOA) V over the field C of complex numbers is 
a complex vector space equipped with a linear map Y : V — > End(V)[[z, z^ 1 ]} 
and two non-zero vectors 1 and u in V satisfying certain axioms (cf. [billT5] ). 
We denote a VOA V by (V, Y,l,u). For v G V, we write 

Y{v,z) = ^2v{n)z- n -\ 
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In particular, for u G V, we write 

Y(u>,z) = Y,L(n)z- n - \ 

M=Z 

and V is graded by L(0)-eigenvalues: V = (BneiVn- For V n , n is called the 
degree. In this paper, we assume that V n is finite-dimensional, V n = for 
n < 0, and Vo = CI. For v £ V n , the operator t>(n — 1) is homogeneous of 
degree 0. We put o(v) — v(n — 1). 

Let M(c, h) denote the Verma module over the Virasoro algebra of a 
central charge c with a highest weight h [T5]. We assume that the VOAs V 
are isomorphic to a direct sum of highest weight modules for the Virasoro 
algebra, i.e., 

V = 0M 4 , 

iei 

where each M{ is a quotient of Verma modules M(c, h) with h G Z>o- Then, 

oo 

(1) V = ®M(h), 

h=0 

where M(h) is a direct sum of finitely many quotients of the Verma module 
M(c, h). The module M(0) is the subVOA of V generated by u, which we 
denote also by V u . Therefore, M(0) is a quotient of M(c, 0)/M(c, 1). The 
smallest h > for which M{h) ^ is called the minimal weight of V and 
denoted by niV). (If no such h > exists, we define [i(V) := oo.) 

In particular, the decomposition (CD) gives us the natural projection map 

n:V->V u 

with the kernel ©^ >0 M(/i). Here, we give the definition of a conformal t- 
design. 

Definition 1.1 (cf. [E]). Let V be a VOA of central charge c and let X be 
a degree /i subspace of a module of V. For a positive integer £ one calls X 
a conformal design of type t-(c, /i) or conformal t-design, for short, if for all 
v £ V n where < n < t one has 

tr\ x o(v) =tr|A-o(7r(v)). 



The following remarks are clear from Definition 11.11 

Remark 1.1. If X is a conformal t-design based on V, it is also a conformal 
t-design based on an arbitrary subVOA of V. 

Remark 1.2. A conformal t-design is also a conformal s-design for all inte- 
gers 1 < s < t. 

Here, we review the concept of spherical designs. The concept of spherical 
t-design is due to Delsarte-Goethals-Seidel [8]. For a positive integer t, a finite 
nonempty subset X of the unit sphere 

S n ~ l = {x = (xi, x 2 , ■ ■ ■ , x n ) G lR n | x\ + x\ H h x 2 n = 1} 

is called a spherical t-design on S 71 ' 1 if the following condition is satisfied: 



x ) =~~ T^^TJ I f{x)da(x) 



for all polynomials f(x) = f(xi, x 2 , ■ ■ ■ , x n ) of degree not exceeding t. Here, 
the righthand side means the surface integral on the sphere, and IS 1 ™ -1 ! de- 
notes the surface volume of the sphere S n ~ l . The meaning of spherical t- 
design is that the average value of the integral of any polynomial of degree 
up to t on the sphere is replaced by the average value at a finite set on the 
sphere. A finite subset X in S' n_1 (r), the sphere of radius r centered at 
the origin, is also called a spherical t-design if the normalized set X/r is a 
spherical t-design on the unit sphere S"™ -1 . 

We denote by Harm,'(IR n ) the set of homogeneous harmonic polynomials 
of degree j on R n . It is well known that X is a spherical t-design if and only 
if the condition 



J2p(x) = o 



xex 



holds for all P G Harm^R") with 1 < j < t [2J El El [29] . If the set X is 
antipodal, that is —X = X, and j is odd, then the above condition is fulfilled 
automatically. So we reformulate the condition of spherical t-design on the 
antipodal set as follows: 



Proposition 1.1. A nonempty finite antipodal subset X C S n 1 is a spher- 
ical 2s + 1-design if the condition 



^P(x) = 



xex 

holds for all P G Harm 2j (M") with 2 < 2j < 2s. 

A lattice in R n is a subset AcR" with the property that there exists a 
basis {v i, ■ • ■ , v n } of M. n such that A = Zt>i © ■ • • © Zt> n , i.e., A consists of all 
integral linear combinations of the vectors v x, ■ ■ ■ ,v n . The dual lattice A is 
the lattice 

A* := {y G W 1 | (y, x) G Z, for all x G A}, 

where (x, y) is the standard Euclidean inner product. The lattice A is called 
integral if (x, y) G Z for all x, y G A. An integral lattice is called even if 
(x, x) G 2Z for all x E A, and it is odd otherwise. An integral lattice is called 
unimodular if A^ = A. For a lattice A and a positive real number m > 0, the 
shell of norm m of A is defined by 

A m := {x G A | (x, x) = m} = A H S^fm). 

Let H := {z G C | Im (z) > 0} be the upper half-plane and q := e 2mz , 

zew. 

Definition 1.2. Let A be the lattice of lR n . Then for a polynomial P, the 
function 



e A , P (^):=^P(x)e 2 



D 2niz(x,x) 
x£A 

is called the theta series of A weighted by P. 

We remark that when P = 1, we obtain the classical theta series 

e A (z) = e A) i(*) = 5Z l A -l9 m 

m>0 

Let A be the ^-lattice. This is an even unimodular lattice of M 8 , gen- 
erated by the E§ root system. Then, it is well-known that all the shells of 
.Eg-lattice are spherical 7-designs [321 [291 12] and the following proposition is 
due to Venkov, de la Harpe and Pache P [7J 123 E2] • 



Proposition 1.2 (cf. [2H]). Let the notation be the same as above. Let rim) 
be Ramanujan's tau function: 

(2) a(z) = V ( Z r = (g i/24 n ( x - ? m )) 24 = E < m ^ m - 

Then the following are equivalent: 
(i) T (jn) = o. 

(ii) (A)2 m is a spherical 8-design. 

There are many attempts to study Lehmer's conjecture ([22[ [26]). but it 
is difficult to prove and it is still open. Recently, however, we showed the 
"toy models" for D. H. Lehmer's conjecture [2j[2]. Let L be a 2-dimensional 
Euclidean lattice. Then the following theorem is well-known: 

Theorem 1.1 (cf. [291 121 E]). Let L be a 2-dimensional Euclidean lattice. 
Then, for any positive integer m, L m is a spherical 1-design if L m ^ 0. More- 
over, (Z 2 ) m [resp. (A 2 ) m ) is a spherical 3- design (resp. 5-design) if{I?) m ^ 
{resp. (A 2 ) m ^$). 

We take the two cases Z 2 -lattice and ^-lattice. Then, we consider the 
analogue of Lehmer's conjecture corresponding to the theta series weighted 
by some harmonic polynomial P. There we show that the m-th coefficient 
of the weighted theta series of Z 2 -lattice does not vanish when the shell of 
norm m of those lattices is not an empty set. Or equivalently, we show the 
following theorem: 

Theorem 1.2 (cf. [2J). The nonempty shells in 1? -lattice {resp. A 2 -lattice) 
are not spherical 4- designs (resp. 6-designs). 

Moreover, let L be the lattice associated to the algebraic integers of imag- 
inary quadratic number fields whose class number is either 1 or 2, except for 
Z 2 -lattice and ^-lattice. Then, we have the following theorem: 

Theorem 1.3 (cf. [3]). The nonempty shells in L are not spherical 2-designs. 

In this paper, we study the conformal designs associated to free boson 
and lattice VOAs. Then, we show the following proposition, which is an 
analogue of Proposition 11.21 



Proposition 1.3. Let the notation be the same as above and V^ be the moon- 
shine VOA [T5] . Then the following are equivalent: 

(i) r (m) = 0. 

(ii) (V*) m is a conformal 12-design. 

Proposition 11.31 gives a reformulation of Lehmer's conjecture as Propo- 
sition 11.21 and we obtain many reformulations of the problems of whether 
the Fourier coefficients of certain functions vanish or not (see Proposition 
14.21) . Then, we show the "toy models" of the Lehmer's conjecture, namely, 
in Section [21 we show the following theorem: 

Theorem 1.4. The homogeneous spaces in a d-free boson VOA are confor- 
mal 3 -designs and are not conformal 4-designs. 

In Section HI we show the following theorems: 

Theorem 1.5. Let L be an even unimodular lattice of rank 16. Then, the 
homogeneous spaces in Vl are conformal 3 -designs. If ord p (3m — 2) is odd for 
some prime p = 2 (mod 3), then (Vi) m is a conformal 7 -design. Otherwise, 
the homogeneous spaces (Vl)™ are not conformal 4-designs. 

Remark 1.3. We denote by ord p (m) the number of times the prime p occurs 
in the prime-factorization of a non-zero integer m. 

Theorem 1.6. Let L be an even unimodular lattice of rank 24. Then, the 
homogeneous spaces in Vl are conformal 3-designs and are not conformal 
4-designs. 

2 Preliminaries 

2.1 Free boson vertex operator algebras 

In this section, we review the definition of the d free boson VOA M(l). For 
the details of its construction, see [15]. Let f) be a <i-dimensional vector space 
with a nondegenerate symmetric bilinear form (,), and let f) be the corre- 
sponding affinization viewing f) as an abelian Lie algebra \) = \) <8> C[t,t _1 ] © 
<CK with commutator relations 

[h ® t m , h' ® t n ] = m(h, ti)5 m+nfi K, (h, h! G f), m, n e Z), 

[^/Kscftr 1 ]] = o. 



Consider the induced module 

M(l) = U$) ® m cmcK c, 

where fj <g> C[t] acts trivially on C and K acts as 1. We denote by h(n) the 
action of f) £g> t n on M(l). The space M(l) is linearly isomorphic to the 
symmetric algebra 5(f) ®t _1 C[i -1 ]). Thus, setting 1 = 1 <g> 1, any element in 
M(l) is a linear combination of elements of type 

v = oi(-ni) • • ■ a k (-n k )l, (ai, . . . , a fc G f), m, . . . , n k G Z + ). 

Now let {/ij}f =1 be an orthonormal basis of f), and set cu = 1/2 ^ i=1 ^-i( — 1) 2 1. 
Then (M(l), Y, 1, a;) is a VOA with a vacuum 1 and Virasoro element u. In 
particular, 

M(l) = 0M(l) n , 

n>0 

where M (l) n = (ai(-ni), . . . , o fc (-n fc )l | oi, . . . , a k e f), ni, . . . , n k € Z+, Y, n i 
n). We identify M(l)i with f) in an obvious way 

2.2 Lattice vertex operator algebras 

In this section, we review the definition of the lattice VOA. For the details of 
its construction, see [T5]. Let L be a positive-definite even lattice, and f) = 
L ®z C. Let C[L] be the group algebra with a basis {e a \ a G L}. Then the 
VOA Vl associated to L is Vj, = M(l) ®C[L] as vector spaces. The operator 
a(n) for a G f) and n^O acts on V^ via its action on M(l). The operator 
a(0) acts on V L by acting on C[L] in the following way: a(0)e Q = (a, a)e a 
for a G L. We identify M(l) with M(l) <8> e°. Then the vacuum of Vjr is the 
vacuum 1 of M(l) and the Virasoro element is the same as the case of M(l). 

2.3 Graded trace 

In this section, we review the concept of the graded trace. We recall that V 
is a VOA with standard L(0)-grading 

oo 
n=0 



Then for v G V}~, we define the graded trace Zy(v, z) as follows: 

oo 

Z v (v,z) = ti\ v o{v)q L ^- c ' 2A = q- c / 2A Y,^\v n o{v))q n - 

n=0 

where c is the central charge of V. If v = 1 then, 

Z v (l, z) = tr| y g L(0) - c/24 = q- c/2i ^(dim V n )q n . 

n=0 

For a positive integer N and for a Dirichlet character x modulo N, let 
M k (N,x) (resp. Sk(N,x)) denote the ring of modular forms (resp. cusp 
forms) of weight k for the congruence subgroup Tq(N) with respect to \ 

[2HI2S1I2E]. 

For example, let E2k{z) be the Eisenstein series: 

E ^ = ^ + ^^X^ n ^ 

where cr 2 fc_i(n) is a divisor function <7 2 fc_i(n) = J2d\n ( ^ 2k ~ 1 anc ^ -^2fc is a 
Bernoulli number. Then, E2k{z) G Mk(l,Xo), where xo is the trivial charac- 
ter. 

ForaVOA V = (V,Y,1,oj), Zhu defined a new VOA {V,Y[}, l,w-c/24), 
where c is the central charge of V^ [33J . Let w = a; — c/24 and 



Y[u,z]=J2L[ 



n\z- n ~ 2 . 



Then, we have V = ©^L Vj n ] and 

(3) ©K = 0% 

n<JV n<JV 

In [13] . they show the following theorem: 

Theorem 2.1 (cf. [13, Corollary 2.2.2]). Let M be a V -module. For a, beV 
and positive integer r, 

Z M (a[-r}b, z) =5 l MMo{a)o{b)q L ^- c ' 2i 

oo 

+ (-iy +1 J2 Kk,r)E 2k Z M (a[2k-r]b,z), 

k>r/2 

where h(k,r) = ( 2 ^i)- 

8 



In [T3] , they show that the graded trace of the free boson VOAs and the 
lattice VOAs have the modular invariance property. In particular, they show 
the following theorems: 

Theorem 2.2 (cf. [13, Theorem 1]). Let V be the VOA of d free bosons. We 
set Q = C[E2,E4,E 6 ] which is called the space of quasi-modular forms for 
SL 2 (Z). 

(i) Ifv is in V , then Zy(v, z) converges to a holomorphic function f(v, z)/r)(z) 
in the upper half-plane for some f(v,z) G Q, where r](z) is defined in 
the equation (jSJ). 

(ii) Every f(z) in Q may be realized as f(v, z) for some v in V . 

Remark 2.1. Let Qk be the space of quasi- modular forms of weight k for 
SX 2 (Z). By the proof of Theorem 12.21 it is easy to see that for v G V,, we 
have f(v,z) G ® k ed/2+iQk- 

Theorem 2.3 (cf. [13, Theorem 2]). Let L be a positive- definite even lattice 
of rank d and level N so that the theta function Ql(<i) lies in Mk(N, x) for 
some k and \. Then, for every element v in (Vr,)j, we have 

Z Vl (v,z) 



7]{q) c 



for some f(v, z) in M(N, x)- In particular, each Zy L {v, z) is a sum of mod- 
ular forms {of varying weights). 



Remark 2.2. By the proof of Theorem I2.3[ it is easy to see that for v G Vi, 
we have f(v,z) G (Bd/2+iMk(N, x)- In particular, if v G Vi is a Virasoro 
highest weight vector of degree i, then f(v, z) G Md/2+i(N, x) [331 flO] . 

Theorem 2.4 (cf. [13, Theorem 3]). Let P be a homogeneous spherical har- 
monic of degree k with respect to the positive- definite even lattice L of rank d 
and level N so that the theta function Ol{c[) lies in Mk(N, x) for some k and 
X- Then there is a primary field vp in the lattice VOA Vl with the property 
that 

Remark 2.3. It is a classical fact due to Hecke and Schoeneberg that 

e L A z ) e M d/2+k (N, x) m EDI ED- 



2.4 Conformal designs 

We quote the following theorems which are useful in the study of conformal 
designs. 

Theorem 2.5 (cf. [T9[ Theorem 2.3]). Let X be the homogeneous subspace 
of a module of a VOA V . The following conditions are equivalent: 

(i) X is a conformal t-design. 

(ii) For all homogeneous v G ker n = {& h>0 M(h) of degree n < t, one has 
tr\xo(v ) = 0. 

Theorem 2.6 (cf. [191 Theorem 2.4]). Let V be a vertex operator algebra 
and let N n be a V -module graded by Z + h. The following conditions are 
equivalent: 

(i) The homogeneous subspaces N n of N are conformal t-designs based on 
V for n < h. 

(ii) For all Virasoro highest weight vectors v G V s with < s < t and all 
n < h one has 

tr|jv n o(w) = 0. 

Theorem 2.7 (cf. [19, Theorem 2.5], [23j Definition 1.1, Lemma 2.5]). Let 
V be a VOA and G be a compact Lie group of automorphisms of V. If the 
minimal weight ofV G is larger than or equal to t + 1, then X is a conformal 
t-design. 

Remark 2.4. We remark that for the details of the automorphism group, 
see [I21IIS]. 

Definition 2.1 (cf. [231 Definition 1.1]). Let V< n := ®^ =0 V m . A VOA V 
is said to be of class S n if the action of Aut V on V< n /{y u )< n is fixed-point 
free. 

Lemma 2.1 (cf. [221 Lemma 2.5]). If VOA V is of class S l , then Vj. is a 
conformal t-design for all k G Z> . 



10 



2.5 Eta products 

In this section, we quote two theorems needed later: 

Theorem 2.8 (cf. [28, page 18, Theorem 1.64]). Let r](z) = q l ' 2A ]\2=i( l ~ 
q m ) be the Dedekind eta function, where q = e 2mz and Im(z) > 0. If f(x) = 
YIsin v(^ z ) rs "with k = (1/2) J2s\N r s e %>> with the additional properties that 

Y^ Sr s = (mod 24) 

<5|7V 



and 



then f(z) satisfies 



2^— r 5 = (mod 24), 

5\N 



f(^ d )= X (d)(cz + d) k f(z) 
for every [ , J G T (N). Here the character x is defined by x{d) :- 



(-i) fc * 



where (:) is the usual Jacobi symbol and s := YIsin ^ 5 ■ 



Theorem 2.9 (cf. [281 P a g e 18) Theorem 1.65]). Let c, d and N be positive 
integers with d\N and gcd(c, d) = 1. If f(x) = YIsin r l^ z ) rs satisfying the 
conditions of Theorem \2. S\ for N . then the order of vanishing of f(z) at the 
cusp c/d is 

N ^ gcd(d,8) 2 r 5 

24 t^ cd ( rf '^' 

2.6 Proof of Proposition 11.31 

Proof of Proposition \1.3l 

First, we remark that (V^)i = and for v G (V^)[i2], we have Z v \>(v, z) = 
c{v)q~ l (q 2 + • ••) = c(v)(q+ ■■ •) = c(v)A(z) G Mi 2 (l,Xo), where c(v) is 
a linear form (cf. [33j page 299, line 11 up], [10J ) . Assume that rim) = 0. 
Then, for any v G (V^)[i 2 ], we have tr| (y^ o(v) = 0. Therefore, because of 
©, (V )m is a conformal 12-design. 

11 



On the other hand, we assume that r(rn) 7^ 0. Because of the fact that 
(V^) 2 is not a conformal 12-design, (cf [TTJJ page 2333], [H] Theorem 3]), 
there exists v € (l^)[i2] of degree 12 such that Z v \>(v,z) = c(v)A(z) = 
c(v) J2m=i T ( m )<l m , where c(v) 7^ (cf. [33]). Hence, we have tr\M) m o(v) = 
c(v) x r{m) 7^ 0, namely, because of ([3]), (V*) m is not a conformal 12-design. 

3 The case of Af (1) 

In this section, we prove Theorem 11.41 First, we remark that the automor- 
phism group of a d free boson VOA is the orthogonal group 0(d, C) [1~2] . 

3.1 The case of d — 1 

Proposition 3.1. For k > 0, (M(l))k is a conformal 3-design. 

Proof. Let G = (6) be the automorphism group of M(l) such that for 
ai(-ni), . . . , a fc (-n fc )l e M(l) 

: oi(-ni), . . . , a fc (-n fc )l h^ (-l) fc ai(-m), . . . , a k (-n k )l. 

Then, it is easy to see that M(lp 9 ' = (M(l) a; ) i for t < 3. Hence, because of 
Theorem 12.71 (M(l))& is a conformal 3-design. □ 

Theorem 3.1. Fork > 0, (M(l))& zs noi a conformal A- design. 

Proof. Let ft, be the orthonormal base of f) and Let 

r; 4 = h(-lfl - 2/i(-3)/i(-l)l + -ft(-2) 2 l. 

Then, t> 4 is a highest weight vector since L(l)ui = L(2)t> 4 = (cf. [T3l 
page 423]). Then, it is enough to show that 

tT \(M(l))A V i) ^°- 
We set a{m) as follows: 

Zat(i>K *) = g^ 1/24 E(tr| ( M (1) ) m o(^ 4 ))g m = g" 1 / 24 £ a(m)g m . 

m>0 m>0 



12 



We show a(m) ^ 0. For 1 < k < 3, by calculations, 

( -6 if k = 1 

tr l(M(i)) fe o(^) = "{ -42 if fc = 2 
[ -120 if k = 3, 

that is, 

(4) Z m) (y A , z) = q-^i-Gq - 42g 2 - 120g 3 + ■ 

On the other hand, because of Theorem 12.21 



(5) Z M{1) (v 4} z) 



T}(z) 



/(f4, z) G C[E 2 , E±, E e ], and since t> 4 G (M(l)) 4 and because of Theorem 12. 2[ 
fiv^z) is written by £2, E\ and £4. Therefore, we can determine fiv^z) 
by (JID and (J5J) as follows: 

Here, using the following equation (see [17] ) 

^(V) - £,(V) 2 



288 

m>0 



2 ncj\{m)q r ' 



we obtain 



E 2 (z) 2 - ff 4 (z) >r^ , 

/(«4, 2) = t^ = (-6) 2^ na x {m)q 



48 

So, the coefficients of f(w, z) are negative integers. Because the coefficients 
of l/rj(z) are positive integers, a(m) 7^ for all m > 0. D 

3.2 The cases of all d > 2 

In this section, we study the d free boson VOA for d > 2. 
Proposition 3.2. For fc > 0, (M(l))fc is a conformal 3-design. 

13 



Proof. Let G = 0(d,C) be the automorphism group of M(l). Let 9 be an 
element in G of order 2 which is a lift of — 1 G Aut(f)). Then, 

M(l)< e >=f)(-2)<g)f)(-l). 



Therefore, because of Lemma I2.1[ it is enough to show that the irreducible 
decomposition of the representation f)(— 2) <g> fj(— 1) of G has the trivial repre- 
sentation with multiplicity 1. For a d- dimensional natural representation V 
of G, V ®V has the following decomposition into irreducible representations 
ofG: 

V <g> V = Coj' @{x®y + y®x \ x,y eV,x ^ y}@{x®y — y®x \ x,y e V}, 

where uJ = Yui=i v i ® v i sucn that { v i}f=i are the orthonormal basis of V 
(cf. [16, chap. 10], [251 chap. 8]). Namely, (f)(-2)®f)(-l)) G = J^ti ^H 2 )® 
hi(—l), where {hi}f =1 are the orthonormal basis of f). So, the proof is com- 
pleted. □ 

Theorem 3.2. Fork > 0, (M(l))& is not a conformal A- design. 

Proof. Let {hi}f =1 be the orthonormal basis of f). By the proof of Theorem 

EH 

v A = h^-lfl - 2/ il (-3)/ ll (-l)l + ^i(-2) 2 l, 
is a highest weight vector v& G (M(1) G )4. Then, it is enough to show that 

tr l(Af(l)) fc 0(^4) ^ 0. 

We set aim) as follows: 



Z M{ i)(v 4 , z) = q~^ ^(tr| (M(1))m o(t; 4 ))g m = q~^ £ 



a(m)q m . 



m>0 m>0 



We show a{m) ^ 0. 

For the case d — 1, we obtained the graded trace as follows: 

1 £ 2 (z) 2 - £ 4 fz) 






48 r?(» 

However, by the proof of Theorem 12.21 in particular, using Theorem 12.11 for 
o(a) = 0, for any d > 2, 

1 E 2 (z) 2 - £ 4 (z) 
Zmw(v a ,z) = - -^ . 

Therefore, by the proof of Theorem 13.11 a(m) ^ for all m > 0. D 

14 



4 The cases of lattice vertex operator alge- 
bras 

In this section, we study the conformal designs for lattice VOAs. 

4.1 Even unimodular lattices 

Let L be the even unimodular lattice of rank 8n. We have the following 
proposition: 

Proposition 4.1. Let the notations be the same as above. The homogeneous 
spaces of Vl are the conformal t- design with 

7 if n = 1 
3 ifn = 2 
3 ifn = 3. 

Proof. By [T^l Theorem 3.1], the proof for the cases n = 1 and n = 2 are 
clear. Let n = 3 and v G (V^), be a Virasoro highest weight vector of 
degree i, where 1 < % < 3. It follows from [33| Theorem 5.3.3] that Zy(v,q) 
is a modular form of weight i for SL2 (Z). However, there is no non-zero 
holomorphic modular form of weight i, that is, Zy(v,q) = 0. The result 
follows now from Theorem 12.61 □ 



By Theorem I2.4[ for v G (VlJi the graded trace of Vl is written as follows: 
Zvdv,z) = ^,f(v,z)E M fc (l, Xo ), 

'^ ' k<4n+i 

where Xo is a trivial character. 

Let n = 1 and t> G (Vl)s be a Virasoro highest weight vector of degree 8. 
Then, because of the fact that A(z) is the unique cusp form of weight 12, we 
have 

ci(v)A(z) , . . , 1fi 

Zv L (v,z)= ^LA > = divMz) 1 * 

00 

= ci(w)<r 1/3 ^a(m)g m , 

m=l 
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where Ci(v) is a linear form. 

Let n = 2 and v G (V^) 4 be a Virasoro highest weight vector of degree 4. 
Then, because of the fact that A(z) is the unique cusp form of weight 12, we 
have 

oo 

(6) = c 2 (i;)g- 2/3 ^ b{m)q m , 

m=l 

where C2(v) is a linear form. 

Let n = 3 and v € (Vl)4 be a Virasoro highest weight vector of degree 4. 
Then, because of the fact that E^(z)A(z) is the unique cusp form of weight 
16, we have 

c 3 (v)£ 4 (2:)A(z) 
^(«,*) = ^y A = cz{v)E A {z) 

oo 

(7) =c 3 ( W )g- 1 ^c(m)g m , 

m=l 

where 03(1?) is a linear form. 

Then, using the similar argument in the proof of Proposition [L3l we have 
the following proposition: 

Proposition 4.2. Let the notations be the same as above. The following are 
equivalent: 

(1) For n = 1, 

(i) a{m) = 0. 
(ii) (Vzjm is a conformal 8-design. 

(2) For n = 2, 

(i) b(m) = 0. 
(ii) (Vi,) m is a conformal 4-design. 

(3) For n = 3, 

(i) c{m) = 0. 
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(ii) (Vz,) m is a conformal 4-design. 

Proof. Let n — 1. First, we remark that for v G (V^jgj, we have r](z) 8 Zy L (v, z) 
c(v)A(z) G M 12 (l,Xo); where c{y) is a linear form (cf. [331 page 299, line 11 
up], [ID])- Assume that a{m) = 0. Then, for any v G (Vr,)™, we have 
tr|(y L ) [m] o(v) = 0. Therefore, because of ([2]), (V^) m is a conformal 8-design. 

On the other hand, because of [HI Theorem 4.2 (i)], (Ve s )i is not a 
conformal 8-design. Then, the proof is similar to that of Proposition 11.31 

Let n = 2. We remark that for v G (V 1 )^], we have rj(z) m Z VL (v, z) = 
c(v)A(z) G M 12 (l,Xo) 5 where c{v) is a linear form (cf. [33, page 299, line 
11 up], [10]). Assume that b{m) = 0. Then, for any v G (Vl)[4], we have 
tx\(y L ),,o{v) = 0. Therefore, because of ([3]), (Vl)™ is a conformal 4-design. 

On the other hand, because of [221 Lemma 31], there exists P G Harm 4 (IR 16 ) 
such that &l,p{z) ^ 0. Therefore, because of Theorem I2.4[ there exists 
v P G (Vl) 4 such that Z Vl (v p ,z) = c Vp A(z)/ V (z) ie = c Vp q- 2 / 3 ZZ=i b (™)q m , 
where c Vp is a non-zero constant. We have c Vp x 6(1) ^ 0, namely, (Vl)i is 
not a conformal 4-design. Then, the proof is similar to that of Proposition 
Ol 

Let n = 3. We remark that for t> G (V" 11 )^], we have Zy L (t>,2;) = 
c{v)Ei{z) G M 4 (l,xo)) where c(v) is a linear form (cf. [33, page 299, line 
11 up], [10]). Assume that c{m) = 0. Then, for any v G (Vl)[4], we have 
tr|(y £ ), ]0(u) = 0. Therefore, because of ([2]), (V^) m is a conformal 4-design. 

Let L not be a Leech lattice. Then, because of [221 Lemma 31], there exists 
P G Harni4(R 16 ) such that &l,p{z) ^ 0. Therefore, because of Theorem 
12.41 there exists vp G (Vl)a such that Zy L (vp,z) = c Vp E i {z)A{z)/rj{z) 2i = 
q~ x Ylm=i c ( m )q. m i where c Vp is a non-zero constant. We have c Vp x c(l) ^ 0, 
namely, (Vl)i is not a conformal 4-design. Then, the proof is similar to that 
of Proposition 11.31 

Let L be a Leech lattice. Then, (Vl)i = (hi(— 1)1, . . . , /i 2 4(— 1)1), where 
{^}fii are the orthonormal basis of 1). Let 

V4 = /^(-l) 4 ! - 2/ii(-3)/ii(-l)l + -/ii(-2) 2 l. 

Then f 4 is a highest weight vector in (Vl) 4 (see the proof of Theorem I3.ip . 
Then, we have tr|(v L ) 1 o(t>4) ^ 0, namely, (Vl)i is not a conformal 4-design. 
Then, the proof is similar to that of Proposition 11.31 □ 
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4.2 The case of rank 16 

In this section, we show Theorem 11.51 First, we review the concept of Hecke 
characters. 

Let K be imaginary quadratic fields. A Hecke character of weight k > 2 
with modulus A is defined in the following way. Let A be a nontrivial ideal 
in Ok and let /(A) denote the group of fractional ideals prime to A. A Hecke 
character <fi with modulus A is a homomorphism 

<f) : /(A) -)• C x 

such that for each a G K x with a = 1 (mod A) we have 

</>{aO K ) = ot k ~ x . 

Let Ucf, be the Dirichlet character with the property that 

w^(n) := (j)((n))/n k - 1 

for every integer n coprime to A. 

Theorem 4.1 (cf. [28, page 9], J2H page 183]). Let the notation be the same 
as above, and define ^k,a( z ) by 

oo 

(8) * k ,a(2) := J2 <K^ (A) = E a (^)^' 

A 71=1 

where the sum is over the integral ideals A that are prime to A and N(A) is 
the norm of the ideal A. Then^K,\(z) is a cusp form in Sk(dK-N(A), (—^ L ) oj^) 

We remark that the function (jHJ) is a normalized Hecke eigenform [U [27] . 
Then, the coefficients of (jSJ) have the following relations (cf. (2TJ Proposition 
32, 37, 40, Exercise 2, page 164]]): 

(9) a(mn) = a(m)a(n) if (m,n) = 1 

(10) a(p a+1 ) = o J (p)a(p a ) — x(p)p h ~ la (p al ) if p is a prime. 

It is known that 

(11) \a(p)\ < 2p {k - 1)/2 



for all primes p. Note that this is the Ramanujan conjecture and its general- 
ization, called the Ramanujan-Petersson conjecture for cusp forms which are 
eigenforms of the Hecke operators. These conjectures were proved by Deligne 
as a consequence of his proof of the Weil conjectures, [211 P a g e 164], [20J. 
Moreover, using fflQj) and ( II ip . for a prime p with x{p) = 1 the following 
equation holds, 



(12) a(p") = P^ a/2Ma + n lWp , 

sin 6^ 

where 2cos# p = a(p)p~( k ~ 1 '' 2 . 

Proof of Theorem \1.5l It is enough to show that if ord p (3m — 2) is odd then 

b(m) = otherwise b(m) ^ 0, where b(m) is defined by ((6]). We recall that 

Co(v)A(z) , . , .o 

Zv L (v,z)= 2 j±±± = ctivHz)* 



c 2 (v)q 2/3 y^ b(m)q r 

771= 1 

c 2 (v)q~ w/24 (q - 8q 2 + 20g 3 - 70g 5 + 64g 6 + 56g 7 - 125g 9 + 



Set 

oo 

(13) 7]{3z) 8 = ^b'{m)q m 

771=1 

= q - 8q 4 + 20q 7 - 70g 13 + ■ ■ ■ 

It is easy to see that the exponents of power series ( TT31 are 1 modulo 3. 
Then, it is enough to show that for m = 2 (mod 3) if ord p (m) is odd then 
b'(m) = otherwise b'(m) ^ 0. Here, we prove the following lemma: 

Lemma 4.1. Let p be a prime number. If p = 1 (mod 3) then b'(p) = 
2x 3 — 18xy 2 , where p = x 2 + 3y 2 with x = 1 (mod 3). 

Proof. Let K = Q(a/— 3), A = (\/—3), and (j> be the Hecke character such 
that for an ideal A = (a) of Ok, 0((c*O) = aZ - Because of Theorems I4.1[ 



8land l2T9| ^k,a{z) and n(3z) 8 are modular forms of the same group r (9). 
Therefore, we calculate the basis of the space of modular forms for the group 
r (9) and check ^k,a( z ) = v(3z) 8 explicitly (using "MAGMA", Mathematics 
Software [S]). 
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Let (a) — (x + \/— 3y) be the integral ideal of Ok of norm p, namely, 
x 2 + 3y 2 = p. Then, (a) and (a) are the only integral ideals of Ok of norm 
p and we obtain b'(p) = a 3 + a 3 = 2x 3 — 18xy 2 . D 

Proposition 4.3. Let p be the prime such that p = 1 (mod 3). Let «o be 
the least value of a for which b'(p a ) = 0. Then a = 1 if it is finite. 

Proof. Assume the contrary, that is, cto > 1, so that b'(p) ^ 0. By the 
equation (jl2l) . 

b'(p*°) = o = p 3 ^ 2Sin{ao+ Q 1)9 r 

sinfc'p 

This shows that 6 p is a real number of the form 6 p = irk/(l + a ) 5 where k is 
an integer. Now the number 

(14) z = 2 cos 9 p = a (p)p-' 3/2 , 

being twice the cosine of a rational multiple of 2n, is an algebraic integer. 
On the other hand z is a root of the equation 

(15) p 3 z 2 - a(p) 2 = 0. 

Hence p 3 divides a(p) 2 , or in other words 2 is a positive non-square integer. 
By (fT4"|) . we have z < 4. Therefore z 2 = 2 or 3. In the former case (1151) 
becomes 

a(pf = 2p 3 . 

The right member is a square only if p = 2. Similarly if z 2 = 3, 

a(p) 2 = 3p 3 . 

The right member is a square only if p — 3. These are contradictions since 
p = 1 (mod 3). □ 

Here, we determine whether b'(p a ) is zero or not, where p is a prime and 

(i) Case m = 3 a : 

We consider the equation ffTOj) . 

a(3 n+1 ) = a(3)a(3 n ). 

Hence we have a(3 a ) = 0, for a(3) = 0. 
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(ii) Case m = p a , p = 2 (mod 3): 

We remark that a(p n ) = if n is odd. Then, equation fllOp can be 



a(p n+1 ) = -p 3 a(p n - 1 ) 






if 


n is odd, 


(_p3)n/2 


if 


n is even. 



written as follows: 
Thus we obtain 



(iii) Case m = p a , p = 1 (mod 3): 

Here, for p = 1 (mod 3) we have b'(p) ^ 0. This is because if not, 
2x 3 = l&xy 2 and we have x 2 = 9y 2 since x ^ 0. This is a contradiction 
since p = x 2 + 3y 2 = 12j/ 2 and p is a prime number. Therefore, because 
of Proposition 14.31 f° r V — 1 (mod 3) and a G N, we have a(p a ) 7^ 0. 

Using the property OH]), we have: if ord p (3m — 2) is odd for some prime p = 2 
(mod 3), then (V^) m is a conformal 4-design. Otherwise, the homogeneous 
spaces (Vz,) m are n °t conformal 4-designs. 

Finally, we show that if ord p (3rri— 2) is odd for some prime p = 2 (mod 3), 
then (Vr,) m is a conformal 7-design. We remark that for v e (^ )m (5 < 
i < 7), we have r](z) 16 Z\ VL (v,z) e ^^(l, Xo) 5 where c(f) is a linear form 
(cf. [33, 10J). Using the fact that there is no non-zero holomorphic modular 
form of weight z + 8, we have Z Vl (v,z) = 0. Therefore, because of (J3J), (Vr,) m 
is a conformal 7-design and the proof is completed. □ 

4.3 The cases of rank 24 

Proof of Theorem \l.b\ Because of Proposition I4.2[ it is enough to show 
that for m > 1, c(m) 7^ 0, where c(m) is defined by (171). By (J7J), we have 
c(m) = 0-3(771), where a^{n) is a divisor function 03(71) = X^din^ 3 - Then, for 
m > 1, we have c(m) = cr 3 (rra) 7^ 0. D 

5 Concluding Remarks 

(1) Let L be an even unimodular lattice of rank 16. Then, we show that 
if ord p (3m — 2) is odd for some prime p = 2 (mod 3), then (Vi) m 
is a conformal 7-design. It is an interesting open problem to deter- 
mine whether {y£) m is a conformal 8-design or not. Let E4(z)t](z) 8 = 
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g~ 2 / 3 Ylm=i d(m). Using the same method of the proof of Proposition 
14. 2\ we have that (Vj,) m is a conformal 8-design is and only if d(m) = 0. 
However, it is difficult to prove that d(m) = 0. 

(2) Let L be the even unimodular lattice of rank 8 (i.e., L = E'g-lattice) . 
Then, because of Proposition 14.21 the homogeneous space iy£) m is a 
conformal 8-design if and only if a(m) = 0, where a(m) is defined as 
follows: i](z) 16 = q~ 1 ^ 3 Ylm=i a ( m )'l m - However, it is difficult to prove 
that a(m) = 0. We remark that using the same argument in the proof 
of Proposition 14.3} it is enough to show that for a prime number p, 
a(p) ^ 0. 

(3) It is interesting to note that no conformal 12-design among the homo- 
geneous spaces of any VOA is known except for the trivial case Va 1 [T9l 
Example 2.6.]. It is an interesting open problem to prove or disprove 
whether there exists any conformal 12-design which is a homogeneous 
space of a VOA which is not Va 1 ■ 

(4) Let L = Ai-lattice. (Namely, L = yTL = (a)i.) Then, all the homo- 
geneous spaces of the lattice VOA Vl are conformal t-designs for all 
t (cf. [19]). It is because (V l ) Au ^ Vl) = V u . Here, let 9 be an element 
in Aut(Vi) of order 2 which is a lift of — 1 G Aut(L) and let V£ be 
the fixed-points of the VOA Vl associated with 9. Then, all the ho- 
mogeneous spaces of V£ are conformal 3-designs because of the fact 
that ((V L ) Aut ( v ^)< 3 = (K,)< 3 and Theorem O On the other hand, 
let v 4 = a(-l) 4 l - 2a(-3)a(-l)l + |a(-2) 2 l e (V L + ) 4 - Then, we 
calculate the graded trace as follows: 

Z v +(v A ,z) = q ^ v{2z)l5 



■ L 



rj(z) 



Therefore, if the Fourier coefficients of Z v +(v4,z) do not vanish, then 
all the homogeneous spaces of V£ are not conformal 4-designs. We 
have checked numerically that the coefficients do not vanish up to the 
exponent 1000. However, it is difficult to prove rigorously that all for 
all exponents, the coefficients do not vanish. 

(5) In [29] and [2], we show the following theorem: 
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Theorem 5.1 (cf. [29), [2J). The shells in 7? -lattice are spherical 3- 
designs and are not spherical 4-designs. The shells in A 2 -lattice are 
spherical 5- designs and are not spherical 6- designs. 

Therefore, it is natural to ask whether the corresponding results hold 
for the lattice VOAs Vj^p. and Va 2 , namely 

(a) Are the homogeneous spaces of V^ z2 conformal 3-designs and not 
conformal 4-designs? 

(b) Are the homogeneous spaces of Va 2 conformal 5-designs and not 
conformal 6-designs? 

To prove or disprove these is an interesting open problem. 
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